Abstract. The dependence of the electrical resistivity of P b on hydrostatic pressure is determined over major portions of the temperature and pressure ranges 1-300 K and &lo G P a (100 kbar), respectively. and for Sn at 300 K. The results are compared to a simple Bloch-Gruneisen law including volume changes due to thermal contraction. It is demonstrated that both Pb and Sn are ideally suited for use as accurate resistive manometers, enabling a reliable continuous determination of pressure over a wide temperature range. The agreement between the pressure at low temperatures indicated by both resistive and superconducting (T,) Pb manometers is excellent. T,(P) calibration curves are given to 22 G P a for Pb and to 5 G P a for Sn and In. A general method is presented which shows how pressure can be used to test for the presence of electron-electron scattering; in the temperature range studied. T 2 7.2 K, electron-phonon scattering constitutes the dominant scattering mechanism in Pb. as expected.
Introduction
The temperature dependence of the resistivity of a metal p ( T ) contains a wealth of information about its electronic, magnetic and lattice states. Detailed comparisons between experiment and theory are, however, complicated by the fact that variation of the temperature invariably leads to changes in sample volume due to thermal expansion. Studies of the dependence of the resistivity on hydrostatic pressure are of interest in this regard because they reveal its full functional dependence on the two independent variables temperature and pressure p(T, P), allowing not only a correction of the measured temperature dependences to constant volume but also a determination of the dependence of the resistivity on a second thermodynamic variable, namely pressure. We present here the results of hydrostatic pressure resistivity studies on elemental P b from 1-300 K and 0-10 GPa (1 GPa = 10 kbar) and Sn at 300 K from 0-10 GPa.
Above 40 K the resistivity of Pb. p(T, P), can be accurately fitted using a BlochGriineisen expression with only two free parameters. The pressure scale at ambient temperatures is defined by well known structural phase transitions of Bi and T1.
0305-4608/81/030623 + 17$01.50 @ 1981 The Institute of Physics instance, is to search for its characteristic temperature dependence pee x T 2 , as opposed to the expected dependence pep rc T 5 at sufficiently low temperatures. We would like to propose an additional means of establishing the relative importance of the electron-electron scattering, namely, by measuring the pressure dependence of the temperature-dependent part of the resistivity. It will be shown that because of the rapid increase of the Debye temperature with pressure in Pb, for a given temperature dependence pep should decrease several times more rapidly than p e e . Our studies indicate that for Pb the electron-phonon scattering dominates at all temperatures above T, = 7.2 K, as would be expected (Lawrence and Wilkins 1973) . The present method is, however, applicable to studies on arbitrary systems at lower temperatures and would complement the traditional temperature-dependence studies.
Experimental procedure
The present experiments were carried out using a recently developed hydrostatic pressure cell to 10 GPa suitable for precise electrical and magnetic measurements to low temperatures (Fasol and Schilling 1978, Eiling and Schilling 1979) . The actual pressure chamber consists of a 2 mm diameter bore in a steel gasket filled with a 4 : l mixture of methanol and ethanol. Two opposed wc anvils are pressed into the metal gasket by a 30 ton six-bolt pressure clamp (Zimmer 1977) , thereby reducing the cell volume and generating pressure in the fluid. The methanol-ethanol mixture remains fluid to 10 GPa at 300 K, passing through a glass transition at higher pressure (Piermarini et al 1978) .
High-accuracy four-point DC resistivity measurements under pressure can be carried out on two samples simultaneously. The sample dimensions are approximately 0.8 mm x 0.3 mm x 0.1 mm with 0.3 mm sideways protrusions to which 26 micron diameter copper voltage contacts are spot welded. The resolution of the mzasuring apparatus is about 1 nV with 1 : lo4 relative accuracy. The temperature is determined using calibrated Ge and Pt thermometers. See a previous publication for more details (Schilling et al 1976) . The superconducting transition temperatures can be measured either resistively or using an AC inductance technique with miniature (1 mm outer diameter, 0.3 mm inner diameter) primary and secondary coils.
The polycrystalline samples measured are cut from 99.999% pure Pb, Bi and Sn (Demetron, Hanau) and 99.95% pure TI (Riedel de Haen). All samples were measured in the as-received condition.
Results and analysis

Dependence of resistivity on temperature and pressure
We first discuss the determination of the pressure dependence of the resistivity of Pb and Sn at room temperature using well known transition points of Bi and TI. The samples Pb and Bi, Pb and T1, and Pb and Sn were measured pairwise together in three separate pressure cells. In figure 1 the relative resistances of Bi and T1 are plotted versus the relative resistance of Pb for increasing and decreasing pressure. The purely hydrostatic pressure conditions across the entire pressure range result in sharp phase are derived from a one-parameter theoretical fit which will be described in detail below. The agreement between the theoretical curves and the calibration points is generally excellent for both Pb and Sn. As the basic approximate description of the pressure and temperature dependence of the electrical resistivity we use the standard Bloch-Griineisen law which gives the resistivity contribution from electron-phonon scattering in the Debye limit, neglecting the Umklapp processes (Ziman 1972): where 8 is the Debye temperature and in K we combine together factors depending on the details of the Fermi surface geometry and scattering matrix elements. Note that K is independent of 8. Equation (1) 
is of the form pBG(T,P) = ( K / T ) f ( T / O ) ;
including contributions from Umklapp processes, which are very important in polyvalent metals like Pb and Sn (Lawrence and Wilkins 1973) , will change the form off(T/O), but not its functional dependence on the ratio Tie. It thus follows from equation (1) The pressure dependence of the resistivity can thus be broken up into two parts, the first term giving the changes under pressure of the Fermi surface geometry and electron-phonon matrix elements, and the second positive term describing the extent to which the phonon system entropy is lowered by pressure (lattice stiffening or shift of the phonon spectrum to higher frequencies). To calculate 2 In pBG/a In T/ from figure 2 a relation between sample volume and applied pressure P is required. To get this relationship we use the Murnaghan equation of state
For B and B' we took the values of Mao given in table 2 (see Bassett and Takahashi 1974) . These values are in good agreement with those given by Vaidya and Kennedy (1970) . From the initial pressure dependence of the resistivity of Pb we obtain at 300 K, d h pBG/d In V = +6.13. Since y = yo = +2.629 at low pressures (Boehler et al 1978) , we obtain from equation (3) ' Boehler et al ( I 978). Bassett and Takahashi (1974) .
Fitted to the data of Bridgman (1970) e Vaidya and Kennedy (1970) .
' Landolt Bornstein (1960).
hFitted to data from Washburn (1929) .
Fitted to present data.
In order to calculate the theoretical curve in figure 2 we use a more accurate expansion of equation (1) given by This expression, in fact, agrees with equation (1) to within 0.6% for T > (1/2)8. A lower order series expansion was used by Moore and Graves (1967) . Furthermore, it is important to take into account the pressure (volume) dependences of K , 8 and y using the following expressions
(6) Values of the parameters for equation (6) are given in table 2. The only free parameter in the theoretical fit in figure 2 using equation (5) is the value 8 In Kj8 In I/= p. The agreement between the theoretical curve from this simple Bloch-Gruneisen expression and the experimental calibration points in figure 2 is seen to be excellent. For Pb the data have been extrapolated beyond the last calibration point at 7.3 G P a to 13 GPa; it should be emphasised that this extrapolation is only as good as the accuracy to these high pressures of the above volume dependences of the various parameters. Future work will surely correct these values somewhat, necessitating a re-evaluation of the pressure dependence of the resistivity above 8 GPa.
Parallel to the above room-temperature studies we carried out measurements of the temperature dependence of the resistivity of Pb from 3 W 7 K on hydrostatic pressure to 4.4 GPa. In figure 3 we compare our P = 0 measurements to previous studies (Moore and Graves 1973, Van den Berg 1948) . Included in this figure are a Bloch4runeisen fit using equations (l), ( 5 ) and (6) and table 2, and a first principles calculation by Tomlinson and Carbotte (1977) . In the fit using equations (l), ( 5 ) and (6) and table 2 the decrease in sample volume upon reducing the temperature is taken into account using the following expression for the pressure-dependent thermal expansion coefficient (Birch 1952 , Bridgman 1970 (6) and (8) and table 2 (-) and equations ( 5 ) , (6) and (8) and table 2 (---j. The deviation of the latter high-temperature expansion (---) is clearly seen at temperatures below 30 K. Measurements of Van den Berg (1948) (+), Moore and Graves (1973) (0) . present results (0). and calculations of Tomlinson and Carbotte (1977) (W.
The value of q was determined by fitting the data of Bridgman at low pressures. Using for the total volume change the product of that from the Murnaghan equation (4) and that from the thermal contraction. we obtain
where C is a fit parameter. The same procedure has been carried out for Sn using published ambient pressure data (Washburn 1929) ; the values of the parameters are again given in table 2. The fact that equation (5) provides such excellent fits to the data for Pb and Sn, both for the pressure dependence at 300 K and the temperature dependence for Pb and Sn at P = 0, using only two adjustable parameters, C and / 3, seems remarkable considering the crudeness of the approximations involved. In particular the Umklapp scattering is certainly expected to be very significant for both Pb and Sn over our temperature range (Lawrence and Wilkins 1973) . We also plot in figure 3 the full Bloch4runeisen expression in equation (1) using the same values of the parameters as above. Below 40 K the quality of the fit is much improved, although, as will be discussed in full below, the fit is still far less satisfactory than for T > 40 K.
We now make further assumptions, in view of the success of the above data fits, that equations ( 5 t ( 8 ) and table 2, including the appropriate volume dependences of the parameters, give a reliable description of the resistivity of Pb over the entire range of temperature 4G300 K and pressure &lO GPa (for Sn the corresponding ranges are 1 W 3 0 0 K and 0-10GPa). In figure 4 we plot the temperature dependence of the resistivity at different pressures for Pb using equation (5). By comparing experimental high-pressure data to these isobars it is possible to estimate how much the pressure changes as the experimental apparatus is cooled down. We consider such an application in the following section. 
Pb and Sn: resistiue and superconducting manometers
In the preceding section we have derived a simple Bloch-Gruneisen expression for the resistivity of Pb, pBG(T, P), given by equations (5)- (8) with the values of the parameters in table 2 which should be accurate to a few per cent over the ranges 4&300 K and 0-10 GPa. In particular, one can calculate the resistivity isobars as a function of temperature. In many low-temperature high-pressure systems, the pressure is set at room temperature before the apparatus is cooled down to helium temperatures. The above isobars give a nominal value of the resistivity at all temperatures and thus allow an accurate determination not only of the pressure applied at room temperature, but also of the possible changes of this pressure as the temperature is lowered. Pb, and also Sn, can thus act as accurate continuous manometers over a wide temperature and pressure range! In quantitative studies of matter under pressure it is of the utmost importance to know both the pressure and temperature accurately over the entire range of the parameters. Pb and Sn are particularly useful as resistive manometers because they have long been widely used as superconducting manometers in the very low-temperature range. Incorporating two kinds of manometer, resistive and superconducting, into a single probe also allows a particularly direct calibration of one against the other, serving as a consistency check of the assumptions made in determining the calibration values of both.
In figure 5(a) we plot the resistivity of Pb versus temperature for four different room-temperature pressures 0, 0.8. 2.6 and 4.1 GPa. The Pb sample is mounted in the metal-gasket-type hydrostatic pressure cell. The theoretical isobars from equation (5) are drawn in as full lines. With the exception of the P = 0 measurement, which occurs at constant pressure, the data are seen to lie below the isobars for temperatures below 300 K. Since, at a given temperature, the resistivity of Pb decreases under pressure for P < 13 GPa, the immediate conclusion is that in the metal-gasket pressure cell the pressure increases with decreasing temperature. This pressure increase can be estimated by using the relation where ( A P~A P )~ is calculated from equation (5). This derivative is shown in figure 6 as a function of the temperature at various pressures. Using equation (9) it is thus possible to compute the pressure change A P as a function of temperature, as shown in figures 5(b) and 5(c). A measure of the accuracy of the method is given by its application to the P = 0 curve where the pressure is independent of temperature; the indicated pressure variation here. kO.1 GPa, simply reflects the quality of the fit of the Bloch-Gruneisen expression in equation (5) to the data. Note the larger error at low temperatures which is a consequence of the increase in -( A P / A P )~. At high pressures as seen in figure 5(h) . the pressure no longer remains constant, but rises with decreasing temperature and passes through a broad maximum at 100 K. The initial pressure rise is believed to originate from an approximate 25% increase in the applied force upon cooling down from 300 to 100K. At l 0 0 K this force increase apparently saturates, allowing the thermal contraction of the pressure fluid to dominate which decreases the pressure. For T 5 40 K, the thermal contraction is expected to have saturated and no further pressure changes should occur. The fact that pBG(T,P) in equation (1) or equation (5) is unable to fit accurately even isobaric data for T 6 40 K is thus of no consequence for the use of Pb as a resistive manometer over the entire temperature range. As a critical check on the accuracy of these resistive manometers it would be of interest to apply the above method to a pressure cell where changes of the opposite sign should occur. In fact, a pressure increase upon cooling is rather uncommon in hydrostatic high-pressure experiments. In the piston-cylinder technique it is normally believed (Becker and Hoo 1976) that pressure decreases upon cooling due to the rapid . Pressure dependence of the superconducting transition of P b from data by Clark and Smith (1978) , Eichler and Wittig (1968) , the present studies, and data fitted from equation (10) contraction of the pressure fluid. Unlike the metal-gasket cell, in the piston-cylinder technique most of the applied force is taken up by the pressure fluid itselk In figure  5(c) we show the temperature dependence of the pressure using a Pb resistive manometer in such a piston-cylinder cell (Peukert 1980) . A decrease in pressure with temperature is actually observed. The indicated pressure decreases upon cooling approximately 0.2 GPa, and is only weakly dependent on pressure.
In figures 5(b) and (c) we compare the pressures given by the present resistive manometer to those from the superconducting Pb manometer calibrated by Clark and Smith (1978) , and Eichler and Wittig (1968) . The indicated pressures at low temperatures agree remarkably well! In numerous such comparisons we have found that the pressure difference using either manometer differs by less than 20.1 GPa. This excellent agreement supports the accuracy of not only the present resistive manometer but also of the superconducting manometers. In fact, we propose using the resistive manometer as a new method of calibrating T, manometers (see figure 7) . We note in passing that in experiments using quasi-hydrostatic pressure, where irreversible changes in sample length are unavoidable, a comparison of the resistive and superconducting manometers should allow an estimate of the sample elongation due to the expansion of the pressure cell and sample.
In addition to the development of the above resistive manometer, we have also calibrated the Pb, Sn and In superconducting manometers directly against one Pressure dependence of T, of Pb to 5 G P a from figure 7. to 13 G P a corrected from Eichler and Wittig (1968) , and at 22 G P a from Wittig et ul (1979) . The following calibration points ( 0 ) are used: Bi III-v 7.3 f 0.2 G P a (Homan 1975) . P b 1-11 13 f 1 G P a (Decker et al 1972) . G a P 22 & 1 G P a (Piermarini and Block 1975) . The volume decrease of P b at the phase transition at 13 G P a is assumed to have a linear influence on T,. resulting in the drop at 13 GPa.
another by incorporating all three simultaneously in miniature induction coils in a metal-gasket cell. We obtain the values of T J P ) given in table 3. In figure 8 these calibration points for Sn and In are compared to those of previous studies (Jennings and Swenson 1958) . For convenience we list the following analytical expressions for T J P ) dependences to 5 GPa, giving the full curves in figures 7 and 8 :
where P is in GPa. For completeness we include in figure 9 a recent T,(P) calibration point for Pb of Wittig et a l ( l 9 7 9 ) at 22 GPa. The T,(P) dependences given in figures 7, 8 and 9 are believed to represent the state of present knowledge.
Electron-phonon versus electron-electron scatteririg
The discussion up to now has been restricted to the simple Bloch-Gruneisen law (equation (1)) which consists exclusively of the contributions to the electrical resistivity from electron-phonon scattering processes. It can easily be shown (Ziman 1972) that pBG x T' for T >> 0 and pet; x T 5 for T K 0 with temperature exponents between 5 and 1 in the intermediate temperature region. Inclusion of Umklapp processes in polyvalent metals such as Pb appears to only affect the temperature dependence of the resistivity in the intermediate region, the T s dependence at low temperatures persisting (Lawrence and Wilkins 1972) .
A further contribution to the resistivity, that from electron-electron scattering, is characterised in the simplest approximation by
Er Er (Ziman 1972) , where K , is analogous to K in equation (1). Electron-electron scattering has been observed in certain transition metals (Garland and Bowers 1968) at low temperatures. In simple polyvalent metals, however, pee is expected to be much weaker, being of importance only at the lowest temperatures ( T < 1 K) (Lawrence and Wilkins 1973) . The resistivity of ultra-pure A1 was found by Van Kempen et a/ (1978) to be of the form p = A T 2 + B T 5 for T 5 2 K, indicating the presence of both electron-electron and electron-phonon scattering contributions. To the authors' knowledge, no studies of comparable accuracy have been carried out on Pb. Van den Berg (1948) applied a magnetic field of 0.06 T to quench the superconductivity and found an approximate p x T 5 law for T < 7 K, this temperature exponent decreases progressively at higher temperatures. More accurate studies on Pb are necessary to test for a T 2 dependence at temperatures well below 7 K. In figure 10 dependence is observed at all pressures; it is not possible to fit our data to a dependence like p = A T 2 + BT'. The T3.' dependence is also consistent with the studies of Van den Berg (1948) in the same temperature range and thus presumably represents the approach to a T' dependence at temperatures below those of our studies. Over the temperature and pressure range considered, the temperature-dependent resistivity dominates the residual resistivity po (see the caption to figure 10). Due to the sensitivity of po to slight sample deformations, the intrinsic pressure dependence of po could not be determined. It should be noted, however, that the pressure dependence of the T3.' slope is constant and does not reflect the jump in the value of po between 1.27 GPa and 2.8 GPa.
We would like to propose here an alternative test for the presence of electronelectron scattering contributions; this method makes use of the fact that the electron-electron scattering has a relatively small pressure dependence. From equation (2) one has, neglecting the first term on the right-hand side of the equation, and assuming a power-law dependence pBc oc T", d In pBG/d In V = (n + 1) y. In the same approximation, from equation (1 I), we obtain 8 In pee/a' In V = 3ye, where y e = -8 In Ef/d In V = + 2/3 for a free-electron gas. Assuming for the moment pBG has the same temperature dependence as pee, i.e. pBG oc T 2 , then d In pBG/a' In V = 3y 2 + 8 for Pb which lies well above the value i ? In pee/d In V = 3ye = + 2. The latter result is shown by Kukkonen and Wilkins (1979) to hold to good accuracy not only in the Thomas-Fermi approximation but also in a more sophisticated theory where the interaction between two-electron quasi-particles is approximated in terms of the dielectric and vertex functions of the uniform electron gas. For a given temperature dependence, therefore, pBG decreases much more rapidly with pressure than pee. This should be a useful method to establish in a given system whether or not an observed p cc T 2 dependence originates from electron-electron or other scattering mechanisms. Expressing this another way, if the electron-phonon mechanism dominates at all temperatures, then according to equation (2) a plot of dlnpldln I/ versus (1 + i. In p/2 In T ) should give a straight line with slope y and intercept 8 ln K/d In G:
In figure 11 we show such a plot using the data from figures 2, 3, 5 and 10. To show the accuracy of the data a straight-line dependence is indicated with intercept 2 In Kid In V = +0.7 and y = +2.5. Our results support the dominance of electronphonon scattering over the entire temperature range 7-300 K, as would be expected. To our knowledge, however, this method is new and could be used in both simple and transition metals as a test complementary to the p K T 2 dependence to help establish the presence or absence of electron-electron scattering. It is to be recognised, however, that in the temperature region where electron-electron scattering predominates over electron-phonon scattering, the residual scattering will in general be bigger still and its pressure dependence must be accurately known before our test could be applied.
We note that since the pressure method invokes only the volume dependence of the characteristic energies k0 or E , , which can be determined in separate experiments, it would seem to be less model dependent than the p K T 2 test.
